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A recent paper by Umavathi and Shekar [1] addressed an important problem
in thermal convection, but is unfortunately marred by several inadequacies.
Most seriously, the authors’ assertion that the flow is free convection, i.e.
driven solely by buoyancy forces, is incorrect. Their vertical momentum equa-
tion is
d
dY
(
µ
dU
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)
+ ρ0gβ(T − T0) = 0, (1)
which is apparently obtained by subtracting the hydrostatic equation from
the vertical component of the Navier-Stokes equation. However, the reference
temperature T0 is arbitrary; it is simply the temperature at which the density,
viscosity and thermal conductivity take their respective reference values ρ0,
µ0 and K0. If we integrate (1) across the channel, we find that the total skin
friction at the channel walls takes an arbitrary value, depending on the choice
of T0. This absurd result indicates that the choice of reference temperature in
the momentum equation cannot be arbitrary. Indeed, as long ago as 1999 it
was shown by Barletta and Zanchini [2] that for convection in vertical channels
it is essential to take the cross-section mean temperature as the reference
temperature; the reason for this was subsequently explained by Schneider [3]
and in some detail by Kay [4]. Only with this choice of reference temperature
does the momentum equation have the correct force balance, in which the
total skin friction is balanced by the dynamic pressure gradient (i.e. total
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minus hydrostatic pressure gradient). The velocity profiles plotted in all the
various cases examined by the authors show that the total skin friction is in
general not zero; hence there must be a dynamic pressure gradient, so the
convection is partly forced, not free. This is particularly obvious when one
considers the velocity profiles plotted with m = 0, where there is upward
Poiseuille flow with no temperature difference between the walls. Any attempt
to interpret the plotted results physically, in particular to understand why
velocity and temperature profiles differ as parameters such as bv and bk are
varied, is thus hampered by the unacknowledged differences in applied pressure
gradient between different cases.
In this connection, we should also note errors in the definition of skin
friction in [1]. Firstly, when considering variable viscosity, the viscosity factor
must be included in the skin friction. Secondly, there is a sign error: if skin
friction is to be defined consistently, as shear stress exerted by the fluid on
the wall (which is important for the force balance discussed above), then there
should be a minus sign at y = 1. Thus the dimensionless skin friction at y = 1
should be
τ2 = − µ
µ0
du
dy
∣∣∣∣
y=1
. (2)
Similar comments apply to the definition of Nusselt number, which is the
dimensionless heat flux at the walls: a factor of K/K0 should be included, and
for consistency in defining Nu as heat flux out of the fluid, a minus sign should
appear at y = 1.
A quantity ∆T is used in the definition of many of the dimensionless vari-
ables and parameters in [1], but nowhere is ∆T defined. The temperature
profiles reveal that in fact ∆T = T2 − T0, and so the the arbitrariness of T0
also means that quantitative results cannot be extracted from the results for
dimensionless parameters. A more suitable temperature scale to use might be
T2 − T1; this would preclude consideration of the case where the wall temper-
atures are equal, but that would not be an issue if one wanted to study true
free convection.
Exponential formulae for the variations of viscosity and thermal conduc-
tivity with temperature are written down in [1] (without any justification in
terms of the physics of any real fluid), but then linear approximations are used
in all subsequent calculations. Indeed, equation (14) in [1] claims the linear
formula to be equal (not merely approximately equal) to the exponential for-
mula! It is not clear why the exponential formulae were written down at all;
equations consistent to first order in bv and bk with the dimensionless govern-
ing equations (8), (9), (15), (16), (19), (20) in [1] could have been obtained by
starting with linear formulae for µ(T ) and K(T ).
The so-called Differential Transform Method is nothing more than the
method of expansion in power series, recast to look analogous to an inte-
gral transform. As such, it is well established as a method for solving linear
ordinary differential equations, but has also been used for nonlinear equations,
including those for thermal convection with viscous dissipation [4–7]. The ad-
vantages of the method are well described in [1], but care does need to be taken
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to ensure that the power series is convergent. This can be done by means of
a Domb-Sykes plot or, as is successfully done in [1], by comparison with a
numerical solution.
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